INTRODUCTION
Let R n denote the n-dimensional Euclidean space. The support, supp (p), of a fuzzy set # : A fuzzy number we treat in this study is a fuzzy set # : R 1 ~ I which is normal, fuzzy convex. upper semicontinuous and with bounded support. It is clear that each r C R t can be considered as a fuzzy number. Let 5 r denote the set of all fuzzy numbers. A mapping from any nonempty set into .%" will be called a fuzzy mapping. Thus, any real-valued function can be considered as a fuzzy mapping. The concept of convexity, preinvexity, and (I)l-convexity for fuzzy mappings has been considered by many authors in fuzzy optimization. For example, in [1] [2] [3] [4] [5] , the convexity and quasiconvexity of fuzzy mappings based on the "fuzzy-max" order on 5 r, were investigated. In [6, 7] , the preinvexity and prequasiinvexity of fuzzy mappings defined through the "fuzzy-max" order on ~" were introduced and studied. In an earlier paper [8] , we proposed the (I)vconvexity and ~l-quasiconvexity of fuzzy mappings based on the "fuzzy-max" order on .%-. However, the "fuzzy-max" order is a partial ordering on 5 r. In [9, 10] , the convexity and quasiconvexity of fuzzy mappings based on a linear ordering proposed by Goetschel and Voxman [11] were investigated. In [9] , we defined a ranking value function on 9 r based on the linear ordering proposed in [11] . We extended the local-global minimum property of real-valued convex functions to convex fuzzy mappings, and the Weirstrass theorem from real-valued functions to fuzzy mappings.
Motivated both by earlier research works and by the importance of the concepts of convexity and generalized convexity, we introduce the preinvexity, prequasiinvexity, (I)l-convexity, and O1-quasiconvexity of fuzzy mappings based on the ranking value function proposed in our earlier work [9] . Characterizations for these fuzzy mappings are given. The local-global minimum property of real-valued preinvex (resp., ~l-convex) functions is extended to preinvex (resp., (biconvex) fuzzy mappings. In addition, it is also proved that every strict local minimizer of a prequasiinvex fuzzy mapping is also a strict global minimizer, and that every strict local minimizer of a (I)l-quasiconvex fuzzy mapping is a strict global minimizer.
PRELIMINARIES
In this section, for convenience, several definitions and results without proof from Diamond and Kloeden [12] , Goetschel and Voxman [11] , Pini and Singhand [13] , Syau [7] , and Syau and Lee I9] are summarized below.
It is known [11] that a fuzzy set # : R 1 ~ I is a fuzzy number if and only if (2.1) (2.
2)
It is known that the addition and nonnegative scalar multiplication on 9 v defined by (2.1) and (2.2) are equivalent to those derived from the usual extension principle, and that ~-is closed under the addition and nonnegative scalar multiplication. It should be noted that for each # E ~-, r# is not a fuzzy number for r < 0. However, the family of parametric representations of 9 r and the parametric representations of their negative scalar multiplications form subsets of the vector space, 
REMARK 2.1. (See [11] .) The ordering _ is reflexive and transitive; moreover, any two elements of 9 r are comparable under the ordering _, i.e., _ is a linear ordering for ~-. It is often convenient to write v >-, (resp., u >-, ) in place o f , ~ v (resp., # -< u). We have seen that 5 r is closed under addition and nonnegative scalar multiplication. It follows that ~-is a convex subset of 12. As mentioned earlier, a mapping from any nonempty set into is a fuzzy mapping. By using the notions of -4 and ~< (resp., the convexity of •), we define the monotonicity (resp., convexity) for a fuzzy mapping 9 : -~ --* ~-as follows.
DEFINITION 2.4. (See [9].) A fuzzy mapping g : jr ~ 3: is said to be (1) nondecreasing if for #, u E jr, (i) # -K v ==> g(#) ~ g(z/); and (ii) T(#) = T(~) ~ 9(#) -= g(v);
(2) convex if for #, ~ E iT and A E (0, 1), In what follows, let C be a nonempty convex subset of R n. For any x • R n and 6 > 0, let
where [I " [I being the 2-norm of R n.
DEFINITION 2.5. (See [9].) A fuzzy mapping f : C ~ iT is said to be
(1) convex if for x, yE C and A E (0,1),
(2) quasiconvex if for x, y E C and A E (0, 1), 
Recall [7] that, by definition, a set K C_ R n is said to be an invex set with respect to (w.r.t.) a mapping 7/: K x K -~ R n if x, y E K implies that
In what follows, let S be a nonempty subset of R ~, and let 
PREINVEX AND PREQUASIINVEX FUZZY MAPPINGS
In this section, we introduce the preinvexity and prequasiinvexity of fuzzy mappings based on the ranking value function ~ : 9 v --* R 1 introduced in the preceding section.
In what follows, let 77 : K × K --* R n, and let K c_ R n be a nonempty invex set w.r.t, to 77. 
From Definition 3.1, we obtain the following.
is a preinvex (resp., preincave) fuzzy mapping, then it is also prequasiinvex (resp., prequasiincave).
THEOREM 3.1. Let f : K --* jr be a preinvex fuzzy mapping. If g : ~ ---* ~ is nondecreasing and convex, then the fuzzy mapping g o f : K --* J: defined by
is preinvex on K.
PROOF. Let x, y E K and A E [0, 1]. Since f : K ~ 9 r is preinvex, we have
It follows from (2.5) that f (y + An (x, y)) ~ AS (z) + (1 -A) S (y).
Since g: ~" --* ~" is nondecreasing and convex, it follows that
(ii) -r(f(y + An(x , y))) = "r (Af(x) + (1 -A)f (y)): Since g: ~r ~ ~-is nondecreasing and convex, it follows that
From the above arguments and (2.5), we have for x, y ~ K and A E [0, 1],
T(g(f (y + A~?(x,y)))) < AT(g(f (x))) + (1 --A)~'(g(f (y))),
which proves that g o f : K --* .~" is preinvex on K. is a preinvex fuzzy mapping.
PROOF. Since fj : K ---* iT is preinvex for each j = 1,..., l, we have for x, y E K and A E (0, 1),
Then, by Lemma 2.1 (2), it follows that for x, y E K and A E (0, 1),
From (3.1) and Lemma 2.1, it follows that for x, y E K and A E (0, 1),
which proves that f : K --* 5 r is a preinvex fuzzy mapping. This contradiction proves the result.
In order to include singletons in R n as invex sets, from now on, we will also assume that for all x E R n,
where O being the origin of R n. This proves that epi (f) is an invex subset of R n x 1; w.r.t, the mapping ~7' defined by (3.5). 
n' ((z,.), (y,.)) = (7 (x, y), ~ + (-1) .), (3..5) for (x, #), (y, u) E epi(f) with x, y E K and #, u E F.

PROOF. (1) ~ (2). Let f : K --* 5 t-be preinvex, and let x, y E K. Then, for A E [0, 1], we have (I (y + An (z, y))) < A~ (: (z)) + (1 -A) r (S (y)).
From Corollary 2.1, it follows that "r(f (y + An(x,y)) ) ~_ 7"(Af (x) + (1-A) f (y)),
is an invex set w.r.t. ~.
(I)I-CONVEX AND ¢I)I-QUASICONVEX FUZZY MAPPINGS
In this section, we introduce the (I)l-convexity and (I)l-quasiconvexity of fuzzy mappings based on the ranking value function T : :" ~ R 1.
In what follows, let D C S be a nonempty ~l-convex set. From Definition 4.1, we obtain the following.
LEMMA 4.1. If f : D --* jr is a el-convex (resp., el-concave) fuzzy mapping, then it is also
¢l-quasiconvex (resp., ¢l-quasiconcave). It follows from (2.5) that
THEOREM 4.1. Let f : D ~ Jr be a el-convex fuzzy mapping. If g : J: --~ J: is nondecreasing and convex, then the fuzzy mapping g o f : D ~ :7: defined by
Since g jr __~ Dr is nondecreasing and convex, it follows that
Since g : ~-~ :" is nondecreasing and convex. it follows that
From the above arguments and (2. From now on, we will also assume that for all x, y E S, 
